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RAMSEY GRAPHS AND BLOCK DESIGNS. I

BY

T. D. PARSONS

ABSTRACT. This paper establishes a connection between a certain class

of Ramsey numbers for graphs and the class of symmetric block designs admit-

ting a polarity.   The main case considered here relates the projective planes over

Galois fields to the Ramsey numbers R(Ca, Kx „) = f(n).   It is shown that, for
2 2 ' 2 2

every prime power q, f(q    + 1) = q    + q + 2, and f(q ) = q    + q + 1.

1. Introduction.  Let A and B be finite graphs. An (A,B, zzz)-graph is a

graph G with m vertices such that G contains no subgraph isomorphic to A and

the complement G of G contains no subgraph isomorphic to B.

A well-known theorem of Ramsey [28] implies the existence of a positive

integer R(A,B) such that an (A,B, zzz)-graph exists if and only if zzz < R(A,B).

An (A,B)-gxaph is an (A, B, zzz)-graph with zzz = R(A,B) — 1. The problem of

determining the numbers R(A,B) and the (,4, 5)-graphs for given A, B is an area

of extremal graph theory which has recently begun to develop rapidly. We refer

to this area as "Ramsey graph theory".

The first results of Ramsey graph theory were for the cases where A, B axe

complete graphs Kr, Ks. In 1935, Erdös and Szekeres [15] gave estimates for the

numbers R(Kr, Ks). In 1955, Greenwood and Gleason [21] computed these num-

bers for the cases (r, s) = (3, 4), (3, 5), (4, 4); and in 1968, Graver and Yackel

[20] computed the cases (3, 6), (3, 7). No further nontrivial cases have been com-

puted, although various bounds have been obtained.

It was preoccupation with the difficult R(Kr, Ks) which delayed considera-

tion of more general R(A,B). The latter problem was defined first in 1966 by

Gerencsér and Gyárfás [19], who computed all numbers R(Pm, P„), where Pm

denotes the path with zzz vertices. However, the general problem was anticipated

in a paper of Erdös [12] in 1947, in which the right upper bound for the num-

bers R(Pm, Kn) is determined. Other general formulations were given indepen-

dently by Cockayne [11] in 1970, and by Chvátal and Harary [7] in 1972.

In contrast to the case of the numbers R(Kr, Ks), many nontrivial results

have now been obtained for the numbersR(A,B). Let Cm denote the cycle with
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m vertices, and Km n the complete bipartite graph on sets of m and n vertices.

The numbers 7?04,77) have been computed for all pairs 04,77) = (Cm, C„),

(Pm ,P„), (Pm, Cn), (Pm,Ku„), (7C1>m,Khn), (Km,Kx>n). Rather than discuss these

and other results, we refer the reader to our bibliography, which will be necessarily in-

complete due to the rapid rate of new results in this area.

This paper begins study of the numbers R(K2 m,Kx „), which are closely

related to (v, k, X)-block designs admitting a polarity, and to variants of the

"Friendship Theorem" [14], [25]. The (7C2m, Ä"ln)-graphs contrast with most

other classes of (A, 7i)-graphs previously constructed, the latter being typically dis-

joint unions of complete graphs (or complements of such unions).

The main part of the paper is devoted to the case m = 2,n = q2 + 1 where

q is a prime power.  In this case, the corresponding block designs are the Singer

(q2 + q + l,q + I, I) difference sets corresponding to projective planes over the

finite fields GF(q).

The concluding section of the paper states the way in which this result gen-

eralizes to other block designs, and in particular to (v, k, A)-difference sets in

finite abelian groups. Our general results will appear elsewhere as Ramsey graphs

and block designs, the forerunner of the present paper which is itself part I of

several specialized applications.

2. The numbers 7?(C4, Kx „). Let G be a finite graph with no loops or

multiple edges, with vertex set VG and edge set EG. Let m = \VG\, A(u) =

{w G VG\vw G EG} be the set of vertices adjacent to the vertex v in G, 8(v) =

|A(u)| be the valence of vertex v in G, and 8(G) the least valence of G. If v and

w are distinct vertices, we let 8(v, w) = |A(u) n A(w)|, and dist(u, w, G) be the

length of a shortest path in G from v to w (if one exists).

Bars denote analogous terms for the complement G of G. Thus 8(v) is the

valence of v in G. We often abbreviate VG, EG, 8(G), E(G), 8(G) by V, E, 5,7?,

8.  When G is clear from context, we write u ~ v for "vertex u is adjacent to ver-

tex u", that is, for uv G EG.

If H isa graph, then G 3 77 (respectively, G p 77) means G contains (does

not contain) a subgraph isomorphic to 77. For each positive integer n, we let

Fn = {G\G pCA and G pKxJ

be the set of graphs not containing a cycle of length 4 and whose complement has

no vertex of valence n or more.

Lemma 1. Let n > 1. IfGGFn, then m<n +\Jn-l + 1. If also 8 >

m- n, then m < n + \Jn - 2.

Proof.  Since n> I, n + y/n - 1 + 1 > n + 2, so we may assume that
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zzz > n + 3 > 4. Let {vx, v2, • • • , vm] = Fand S,. = 6(v¡). Since S,. + 6,. = zzz - 1

and 8¡ < zz - 1, we have 5,. > m - n > 3, so S > m - n.   Since G p C4, if z =£/

then there is at most one vertex vk adjacent to both v¡ and iz- in (7. For each k,

there are (2fc) pairs v¡, v¡ (i #/) with both z;,- and v¡ adjacent to vk in G. Thus

If equality held here, then for every pair v¡, Vj (i =£/) of vertices there would

exist a unique vertex vk such that both v¡ ~ ufc and u- ~ vfc. Then the "Friend-

ship Theorem" [14, Theorem 6], [25] would imply that some §,. = 2, contradict-

ing 5, > m - n > 3. Thus

so that 5(5 - 1) < m - 1. Since 5 is an integer, 5(5 - 1) < zzz - 2.

Now 5 > zzz - zz > 3, and x(x - 1) is an increasing function of jc for x >

1/2, so 5(5 - 1) > (zzz - zz)(zzz - zz - 1). It follows that m-2>(m- n)(m - zz - 1),

and this implies by a simple calculation that zzz < zz + y/n - I + 1.

If 5 > m - n, then 5 > zzz - zz + 1 and similar reasoning shows that zzz < zz +

y/ñ^T.
Remark.  If zz = k2 is a square, the lemma says that zzz < k2 + k + 1 so

7zi<zc2+zc = zz+ y/n. Theorem 2 below shows that this bound is attained

whenever k is a prime power, thus Lemma 1 is a best possible bound.

If zz is not a square, then the lemma gives that m < n + [y/n] + 1. This

bound is attained when zz = 7 by the Petersen graph, proving R(C4, KX1)= 11.

The author does not yet know whether zzz = zz + [y/n] + 1 can occur for infinitely

many zz not squares. Our results below show that zzz < zz + [y/n] whenever n =

q2 + 1 and q is a positive integer.

Lemma 2. Let q > 2 be an integer.  Let n- q2 + 1, G G Fn, and m = q2

+ q + 2. 77zezz rAe following are true:

(1) G is regular of valence q + 1.

(2) For every v G V there is a unique v* G V\{v} such that 5(u, v*) = 0.

IfwG V\{v, v*}, then 6(v, w) = 1.  Thus (v*)* = v.

(3) If q is odd, then there is a map f: A(v) —» A(v) such that w ~ f(w)

and f2(w) = w for all w G A(v). Also, dist(t>, v*, G) = 3, and dist(w, u*, G) = 2

for all w G A(v).

(4) // q is even, then v* G A(v) and there is a map f: A(v)\{v*} —>

A(u)\{u*} szzcA fAar w ~ f(w) and f2(w) = w for all w G A(u)\{u*}.
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Proof. By Lemma 1, if 5 > m - n, then

q2 + q+2 = m<n+\/n-2=q2 + 1 + \lq2 - 1 <q2 +q + 1,

a contradiction. Since G p Kx „, we have 8>m -n. Thus S = wi - « = (<72 +

«+2)-(fa + l)-9 + l.

Suppose some vertex y of G has valence §(u) = r where r > ¿7 + 1. Let

A(f) = {vx, v2, • • • , vr}. If there were distinct 1, /, k < r such that v¡ ~ u- and

u, ~ vk, then G would contain the C4 <u, u,, v¡, vk, v>. Thus, for each i, 1 < 1 <r,

there is at most one /, 1 < / < r, with v¡ ~ v¡.

For 1 < 1 <r, let A¡ = {w\w G A(v¡), w ¥= v, and w G A(v)}. Suppose i¥=j

and w GA¡ C\ Aj. Then <u, v¡, w, v¡, v) would be a C4 in G. Thus A x, A2, • • • ,

Ar are mutually disjoint. Since there is at most one z G A(u) with z ~ v¡, we

have either A¡ = A(v¡)\{v, z} if z exists, or /I; = A(v¡)\{v} if no such z exists.

Thus, for 1 < 1 < r, \A¡\ > 8 - 2 = q - 1. Now F" contains the disjoint sets {u},

AOO,;!,,« • • ,Ar so

c72 +? + 2 = |F| > 1 + r + r(q - 1) = 1 + rq > 1 + (q + 2)? = <72 + 2<7 + 1,

so 1 > q, a contradiction. It follows that G is regular of valence q + 1.

Let u G 7 and A(u) = {u,, u2, • • • , vq + x}. Define /I,., for 1 < 1 < q + 1,

as was done above. As before, each v¡ is adjacent to at most one other vertex v,

for 1 <t,1<q + 1. Thus

«7 — 1,   if there is a u;- ~ v¡ with / < q + 1,

<7, otherwise.

As before, the sets {v}, A(v),Ax, • • • , Aq + X are disjoint, so q2 + q + 2 = \V\

> S?=V |X,.| + (q + 1) + 1; thus ?2 > 2f=+/ \At\ >(<? + l)(i - 1) = <?2 - 1.
It follows that there is at most one index i (1 < 1* < q + 1) such that

[4,1 = q. We may renumber u,, u2, • • • , vq+x if necessary so that \AX\>\A2\

= \AZ\ = • • • = \Aq +, I = q - 1, which we now assume.

Case 1. Suppose \AX \ = q. Then, for all w G A(v), vx is not adjacent to w

in G, so vx £ A(o,.) for 2 < 1 < i/ + 1.  If 2 < 1 < q + 1, then 1,4,1 = cz - 1, so

there is a unique w G A(u) with w ~ v¡; but w ¥= vx, so w = v¡ for some 7 ¥= i

with 2 </ < i/ 4- 1. Define /: A(u)\{u,} -► A(d)\{u,} by f(v¡) = v¡, where

v¡ ~ Vf. Then f(v¡) ~ y,, so f(v¡) # u,-; and obviously f(v¡) = v¡ so /2(u,) = v¡.

It follows that q must be even. Since {u}, A(u), >!,, • • • ,A~+1 are disjoint sets

whose cardinalities sum to 1 + (q + 1) + q + q(q - 1) = q2 + q + 2 = |Fj, we

must have that

V= {v} U A(v)UAx U • • • U Aq + X.

If 2 < i < q + 1, then <u, /(u,), u,.> is a path of length 2 from v to u, in G. If

W,l =
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w G A¡ for 1 < i < q + 1, then (u, v¡, w) is a path of length 2 from v to w. Sup-

pose <u, w, vx) is a path of length 2 in G; then u ~ w and w ~ vx, so », is in

A(u,.) for some z, a contradiction. Thus u* = vx is the unique vertex in V\{v] for

which there is no path (v, w, vx) of length 2 in G, and we have v* G A(v).

Case 2. Suppose \Ax\ = q -I. Let B = [v] U A(u) U^U-'-U ^ç+1.

Then \B\= I + (q + I) + (q + l)(q - 1) = q2 + q + I = \V\-I, so there is a

unique v* G V\B.

For each z, 1 < i < # + 1, \A¡\ = q - l,so there is for each v¡ a unique u-

such that / ¥= i, 1 < / < q + 1, and u,. ~ v¡. Define /: A(u) —► A(v) by /(u,) =

Vj where u,- ~ u;.. Then f(v¡) ¥* v¡ and f(v) = u, if and only if f(v¡) = u,, so

f2(v¡) = v¡. It follows that q + 1 is even, hence c7 is odd.

If w G A(v), then <u, f(w), w) is a path of length 2 in G. If I <i<q + I

and w G A¡, then (u, u,-, w) is a path of length 2 in G. Suppose (v, w, v*) is a

path of length 2 in G; then w ~ u so w = u,- for some i, 1 < z' < q + 1, and we

have v* G A(v¡), v* ¥= v, and v* ^ A(v); so u* G A¡, a contradiction.

Thus v* is the unique vertex in V\{v} for which there is no path of length 2

from u. Since u* ^ A(u), and 5(u, u*) = 0, the distance from v to v* in G is at

least 3. But v* has valence q + 1 in G, so iz* ~ z for some z G S, and since

dist(u, v*, G) > 3, z G Ai for some z; hence dist(u, v*, G) = 3.

If v* were adjacent to two vertices w, z of A¡, then <u,-, w, v*, z, v¡) would

be a C4 in G, so actually v* is adjacent to exactly one vertex z¡ in each set A¡ for

I < i < q + 1. This implies dist(iz,., v*, G) = 2.

Since G p C4, there is at most one path of length 2 joining any two vertices

of G. Thus 5(u, w) = 1 if v ¥= w + v*.

Since Case 1 implies q is even and Case 2 implies <z is odd, we must have

either that q is even and Case 1 holds for every v G V, ox q is odd and Case 2

holds for every v G V. This completes the proof of the lemma.

Lemma 3. Let q > 2 be an even integer.  Let n = q2 + 1 azztf G GFn.

Then zzz < q2 + q + 2.

Proof. By Lemma 1, zzz < q2 + q + 2. Suppose that m = q2 + q + 2.

Then, by Lemma 2, G is regular of valence q + 1 and for every v G V there exists

a unique v* G A(v) such that 5(u, v*) = 0, while 5(u, w) = 1 for every w G

P"\{u, u*}. It follows that the set F with relation ~ ("adjacency in G") is a non-

trivial "homogeneous friendship set" in the sense of H. L. Skala [34], and Skala

has proved [34, Theorem 2; actually the argument at the beginning of the proof

suffices] in this case that v ~ w implies there is no path of length 2 from v to w.

But if v G V, \A(v)\ = q + 1 > 3; so we may choose w G A(u)\{u*}. Then v ~ w

and by Lemma 2 there is a path of length 2 from v to w, contradicting Skala's

theorem. It follows that m<q2 + q +2.
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Lemma 4. Let q>2, m = q2 + q +2, and n = q2 4- 1. If there exists a

graph G with m vertices such that G G Fn, then q = 5.

Proof. By Lemma 3, q must be odd. Suppose G G Fn. By Lemma 2, we

may number the vertices vx, v2, • • • , vm of G such that v* = v2, v* = u4,

• * * , v* _. = v. Let 717 be the matrix of order m defined by

''      JO,   otherwise.

Then M is symmetric, and by Lemma 2, 717 has exactly ¿7 + 1 nonzero entries in

each row. Let / be the order m matrix with all entries 1, /* the m x 1 column

vector with all entries 1, 7 the order m identity matrix, and let A be the order m

matrix composed of m/2 blocks of the nontrivial order 2 permutation matrix

down the main diagonal and zero entries elsewhere, that is

A =

0 1

1 0

0 1

1 0

0 1

1 0

Lemma 2 then implies 717 2 =qI + J-A, since (M2)¡¡ is the valence of ver-

tex v¡, and for i =£ /, (M2)¡¡ is the number of paths of length 2 from v¡ to u-, and

this number is 1 if i>- =£ vf and 0 if V, = v*.

Since MJ* = (q + l)J*, q + 1 is an eigenvalue and J* a corresponding

eigenvector of 717. Since Trace(717) = 0,717 has other eigenvalues. Let p be an

eigenvalue of 717 such that p=£ q + I, and let X be an eigenvector of 717 for the

eigenvalue p. Then X is orthogonal to /* so 0 = (J*)TX, thus JX = 0. It fol-

lows that p2X = M2X =(qI + J- A)X = qX- AX, so AX = (q -p2)X; since

X =£ 0, c7 - p2 is an eigenvalue of A. But the eigenvalues of A are obviously 1

and - 1, so p2 = q + 1 or p2 = q - 1. This implies that the only possible eigen-

values of 717 are c7 + 1, VcT+T, ~ V<7 + 1, \Ai ~ 1» ~ V<7 ~ 1- Of course, the

possible eigenvalues of M2 are then (q ■+ I)2,q ■+ l,q - I. We first compute the

dimensions of the eigenspaces of the matrix Tkf2.
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By elementary row operations, it is easy to show that the zzz/2 vectors

(0,0,1,1,- • • ,1),(1,1,0,0, 1,1,- • • , 1), (1,1, 1,1, 0,0, 1,1,- • • ,1),
• • • , (1, 1, • • • , 1, 0, 0) are a basis for the row-space of the matrix M2 -

(q + 1)1, so that the dimension of the eigenspace of M2 corresponding to the

eigenvalue (q + 1) of M2 is rn/2.

Similarly, the vectors (2, 0, 1, 1, • • • , 1), (0, 2, 1, 1, • • • , 1), (0, 0, - 1,
-1,0,0, •• • ,0), (0,0, 0,0, -1,-1, 0,0,- : • ,0), • • • ,(0,0, • • • ,0,

- 1, - 1) are easily seen to be a basis for the row-space of M2 - (q - 1)1, which

thus has rank (zzz + 2)/2 and so has nullity (m - 2)/2. Therefore the dimension

of the eigenspace of M2 corresponding to its eigenvalue (<7 - 1) is (zzz - 2)/2.

Since zzz/2 + (zzz - 2)/2 = m - 1, the dimension of the eigenspace of M2 corre-

sponding to its remaining eigenvalue (q + I)2 is 1. Thus the eigenspace of M

corresponding to the eigenvalue (q + 1) of M has dimension 1.

Let a, A, c, d be the multiplicities of the eigenvalues y/q + 1, - y/q + 1,

y/q - 1, - y/q - 1 of M.   It follows from the above remarks that a + A = zzz/2

and c + d = (zzz - 2)/2.  Since Trace(M) = 0, we have q + 1 + (a - b)y/q + 1 +

(c - d)y/q - I is zero. Now a - A = 2a - zzz/2 and c - d = 2c - (m - 2)/2, so

we have

(*) (i + 1) + (2a - m/2)y/q + 1 + (2c - (zzz - 2)!2)y/q~:~\ = 0.

Since q > 2, we easily see that exactly one of the following two conditions

holds:

(1) q + 1 is a square and 2c - (zzz - 2)/2 = 0, or

(2) q - 1 is a square and 2a - zzz/2 = 0.

Suppose (1) holds. Since q is odd, q + 1 is an even square, so q + 1 = 4k2

for some positive integer k. Dividing (*) by y/q + 1, we get y/q + 1 + (2a - zzz/2)

= 0, so 2k + 2a = y/q + 1 + 2a = zzz/2, thus zzz/2 is even.  But q = 4k2 - 1 = 3

(mod 4), so zzz = q2 + q + 2 = 2 (mod 4), hence zzz/2 = 1 or 3 (mod 4) so zzz/2

is odd, a contradiction.

We conclude (1) does not hold, so (2) must. Since q - 1 is then an even

square, y/q - 1 = 2/c for some positive integer k.  Then (*) and (2) imply that

q + 1 = ((m - 2)/2 - 2c)y/q - 1 = 0 (mod 2k) since (m - 2)/2 - 2c is an integer.

But q + 1 = 4fc2 +2 = 2 (mod 2k), so 2 = 0 (mod 2k) so k = 1. Thus q = 4k2

+ 1 = 5, proving the lemma.

Lemma 5. 77zere is no graph G with 32 vertices in the class F26.

Proof. This is the case q = 5 not decided by the previous lemma.

Suppose such a graph G exists. We may apply Lemma 2 with q = 5. Fol-

lowing the notations of Lemma 4, we have that the adjacency matrix M of G

obeys the equation M2 = 51 + J - A, where these matrices are of order 32.
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Since 717/ = 6J = JM, we have

5M + 6J-MA =SM + MJ-MA = M(5I + J - A) = MM2

= T172717 = "(57 + J- A)M = SM + 6J-AM;

therefore 717.4 = ,4717.   But A is a permutation matrix obeying A = AT = A~x,

so 717 = AMAT. Clearly (AMAr),- • is 1 if u* ~ u* and is 0 otherwise.

Thus 717 = AMAT implies v( ~ u- if and only if u* ~ u*, so the map » !-*■ V*

is an automorphism of G.

It is now a straightforward but tedious exercise to use the "local structure"

of G given by Lemma 2, and to apply the automorphism v \-> v* to show that G

cannot exist. The details are repetitious and uninteresting, and will not be given

here.

Lemma 6. Let q = ps, where p is a prime and s is a positive integer.   Then

there exists a graph G with q2 + q + 1 vertices such that G p C4 and G p

Kl,q2 + 1-

Proof. Let F = GF(q) be the Galois field with q elements. Define an

equivalence relation on F3\{(0,0, 0)} by letting (a, b, c) = (a', b', c') if there is a

nonzero X G F such that (\a, \b, Xc) = (a', b', c'). Let [a, b, c] denote the

equivalence class of (a, b, c), and let V be the set of all equivalence classes.  For

[a, b, c] G V, let L[a, b, c] = {[x, y, z] G V\ax + by + cz = 0}.

Define a graph G with vertex set V by letting [a, b, c] ~ [x, y, z] if [a, b, c]

=£ [x, y, z] and [x, y, z] GL[a, b, c]. Clearly, \V\ = q2 +q + I, and \L[a, b, c]I

= q + 1. Thus if [a, b, c] obeys a2 + b2 + c2 =£ 0, then [a, b, c] ~ [x, y, z]

for all [x, y, z] in L[a, b, c], so [a, b, c] has valence q + 1 in G. On the other

hand, if a2 + b2 + c2 = 0, then [a, b, c] ~ [x, y, z]  for [x, y, z] G

L[a, b, c]\{[a, b, c]) so [a, b, c] has valence q in G.   [It is not difficult to show

that there are exactly q + 1 vertices [a, b, c] of G which have valence ¿7.]   It fol-

lows that the maximum valence of the complementary graph G is q2, so G p

K\,q2 + f

Suppose ([a, b, c], [x, y, z], [d, e, f], [u, v, w], [a, b, c]> is a cycle of

length 4 in G. Since [a, b, c] # [d, e, f], the vectors (a, b, c) and (d, e, f) are

linearly independent in F3. But we have

ax + by + cz = 0,     dx + ey + fz = 0,

au + b v + cw = 0,      du + ev + fw = 0,

so there exists X G F such that («, v, w) = \(x, y, z) in F3. Since (u, v, w) =£

(0, 0, 0), we have X =£ 0 so [«, v, w] = [x, y, z], a contradiction. Thus G con-

tains no C4, completing the proof of the lemma.

Remark. The above construction is due to Erdôs, Rényi, and Sos [14],

and independently to Brown [3]. It is worth noting that this construction provides
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examples of "nonhomogeneous friendship sets" (see Skala [34] ) of degree q + 1

for all prime powers q.

Indeed, suppose [a, b, c] and [x, y, z] axe distinct points of G not joined

by a path of length 2 in G. The equations au + bv + cw = 0,xu + yv +zw = 0

have a nontrivial solution (u, v, w) in F3. If [u, v, w] were distinct from both

[a, A, c] and [x, y, z], then <[a, A, c], [u, t», w], [x, y, z]) would be a path of

length 2 in G, contrary to hypothesis. Thus either [u, v, w] = [a, A, c] or [u, v, w]

= [x, y, z], so ax + by + cz = 0, thus [a, A, c] ~ [x, v, z] in G. This shows

that G (that is, F with the relation ~) is a nonhomogeneous friendship set of

degree q + 1, according to the definition given by Skala [34].

These graphs are a special case of the "(u, k, X)-polarity graphs" we mention

in the next section. We now show how they correspond to certain Ramsey numbers.

Theorem 1. Let /(zz) = R(C4,KXn). Then /(zz) < zz + y/n - 1 + 2 for all

n>2, andf(q2 + 1) < q2 + q + 2 for all q>\.

If q = Ps, where p is a prime and s is a nonnegative integer, then f(q2 + 1)

= q2 +q +2.

Proof. Let G GFn have m vertices, where zzz is largest possible. Then zzz =

f(n) - 1. Therefore /(zz) <n + y/n - 1 + 2 for n > 1 was proved in Lemma 1,

and f(q2 + 1) < q2 + q + 2 for all q > 2 was proved in Lemmas 4 and 5.

Trivially, f(2) = 4 when q = I. If q = ps where p is a prime and s is a positive

integer, f(q2 + 1) > q2 + q + 1 follows from Lemma 6. This completes the proof

of the theorem.

The author and S. L. Lawrence have jointly established the following theorem,

which shows that the bound provided by Lemma 1 is attained infinitely often.

Theorem 2. If q = ps where p is a prime and s is a positive integer, then

f(q2) = q2 +q + l.

Proof. Let G be the graph constructed in Lemma 6 corresponding to the

prime power q. It follows from the Friendship Theorem (stated in the next sec-

tion) that G has at least one vertex of valence q. In fact, the remarks immediately

following the proof of Lemma 6 show that if [a, A, c] and [x, y, z] axe distinct

points of G not joined by a path of length 2 in G, then either a2 + A2 + c2 = 0

or x2 + y2 + z2 = 0, so that either [a, A, c] or [x, y, z] has valence q in G.  It

must be the case that some pair of vertices of G is not joined by a path of length

2, otherwise the Friendship Theorem would imply that G has a vertex of valence

q2 + q, contradicting the fact that all valences in G axe q ox q + I.

We now show that no two ¿/-valent vertices are adjacent in G. Suppose that

[a, A, c] and [x, y, z] axe distinct vertices of valence q in G. Then the vectors

(a, A, c) and (x, y, z) axe linearly independent in F3. Therefore, the subspace S
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of F3 consisting of all vectors (u, v, w) such that au + bv + cw = 0 and xu + yv

+ zw = 0 is 1-dimensional.  If [a, b, c] and [x, y, z] were adjacent in G, then

both (a, b, c) and (x, y, z) would be in S, a contradiction.

Now let v be a vertex of valence q in G. Let 77 be the graph obtained from

G by deleting the vertex v and all edges incident to it. Since v was adjacent in G

only to vertices of valence q + 1, the least valence of 77 is q. Since 77 has q2 + q

vertices, the maximum valence in the complementary graph H is q2 - I. Since

77 has no cycle of length 4, /O72) > q2 + q.

By Theorem 1, f(q2) <q2 + q +2, and since /O72) is an integer, /O72) =

q2 +q + 1.

3. Ramsey graphs and block designs. This paper was motivated, to a great

extent, by the work of Erdös, Rényi, and Sos [14], and especially by the follow-

ing result now known as "the Friendship Theorem":

Proposition 1 (Erdös, RÉnyi, Sos). Let G be a graph with m vertices such

that every pair of vertices is joined by exactly one path of length 2 in G.   Then

m = 2k + 1 and we may number the vertices of G as v,ax,' • • ,ak,bx,• • • ,bk

so that v ~ a¡, v ~ b¡, a¡ ~ b¡ for i = 1,2,* • • ,k are all the adjacencies in G.

See [18], [25] for elementary graph-theoretic proofs of this theorem.

If we define a "X-friendship graph" G to be a finite graph in which every

pair of vertices is joined by exactly X paths of length 2 in G, then if X > 1, the

graph G must be regular of some valence k. This was proved by Erdös (see [1,

p. 485]), and independently in a stronger form by Ryser [32, Theorem 2.1].

Ahrens and Szekeres [1] called such graphs having v points, valence k, and

X paths of length 2 joining any two points, (v, k, X)-graphs.   They generalized the

Friendship Theorem by constructing nontrivial graphs with parameters v = X2(X + 2),

k = X(X + 1) for X any prime power. Rudvalis [31] has investigated (v, k, X)-

graphs, and has constructed several other nontrivial families of them.

Of course, for any X there is always the trivial (X 4- 2, X + 1, X)-graph which

is the complete graph on X 4- 2 points. Proposition 1 states that the only (v, k, 1)-

graph is the trivial (3, 2, l)-graph K3. Ahrens and Szekeres remark that R. C. Bose

has shown that for each X there are at most finitely many (v, k, X)-graphs. Indeed,

this follows easily from an eigenvalue argument similar to that used in the proof

of our Lemma 4.

Let g(X, n) — R(K2X+,, KXn). It is easy to modify the proof of Lemma 1

to show that g(\, n) < 1 + n + #(X + 1 + V(X - l)2 + 4Xn), and that equality

holds here if and only if there exists a (v, k, X)-graph with n = v -k. In particu-

lar, g(X, v - k) = 1 + v whenever a (v, k, X)-graph exists.

The construction of Lemma 6 can be generalized. Let D = (V, B) be a
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(v, k, X)-design such that V = {xx, • • • , xv} is a set of v points and 8 = {Bx, • • • ,Bv}

is a set of v blocks B¡ such that Bi G V, \B¡\ = k, and i i*] implies \B¡ n B\ = X

for all i, j.  Suppose D admits a "polarity" zr, that is, a bijection zr: V U 8 —*

F U B such that tr(V) = B, zr2 is the identity, and x,. £ zr(x;) implies that x- 6

ir(x¡) for all z, /.  (See Rudvalis [31].) Then we may define a "polarity graph"

G(D, n) with vertex-set V and x¡ ~ x;- if and only if x¡ ¥= xy and x¡ G ti(Xj).

We can characterize polarity graphs in terms of their local "common neigh-

bor" structure, and we can show that if a (v, k, X)-polarity graph exists, then

g(X, v - k + 1) is either 1 + u or 2 + v. As a special case, if B is a (v, k, X)-dif-

ference set in an abelian group (V, +), then letting x ~ y if and only if x =£ v

and x + y G B defines a (v, k, X)-polarity graph with vertex-set V.

Evidently there is an intimate connection between the Ramsey numbers

g(X, zz) and a large class of "classical" combinatorial designs. We outline this con-

nection in our paper "Ramsey graphs and block designs" (to appear elsewhere),

and we plan to study particular cases in sequels, the present paper being the first

such sequel (corresponding to the (q2 + q + 1, q + 1, l)-designs arising from the

finite Desarguesian projective planes).
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